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ABSTRACT 

As you know,in the field of mathematics, the question of the transition between expressions to a 

general aspect, based on the links, is defined by several substitutions. In this article, some types of 

rekurent relations and their application in the field of communication will be studied, and at the 

same time, methods of solving the issues proposed in many prestigious Olympiads will be 

presented. 
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INTRODUCTION 

An important role is played by the analysis of issues in various fields of mathematics on the basis 

of one general law. Especially in the theory of sequences, the formation of a formula that expresses 

the total limit of the sequence has several complexities. In this article, we will come up with 

several ways to find a recursive relationship, taking into account the processes of formation of the 

sequence. More precisely, the general expression of a 𝑎𝑛 = 𝑓(𝑛)sequence 𝑎𝑛 = 𝑓(𝑛)consists in 

the consideration of the application of methods of searching for a formula in the future transition 

and practical matters . 

The article presents various issues and non-standard approaches to them. 

First we introduce the concept of dividing some common formulas into types. 

Let us be given the following attitude. 𝑓0(𝑛)𝑎𝑛 + 𝑓1(𝑛)𝑎𝑛−1 + ⋯ + 𝑓𝑟(𝑛)𝑎𝑛−𝑟 = 𝑔(𝑛) 

there𝑓𝑖(𝑛)  𝑣𝑎  𝑔(𝑛)variable n is the functions. 

If𝑓𝑟 ≠ 0 𝑣𝑎 𝑓0 ≠ 0 , in this case, the r-order is called the rekurent attitude. 
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If𝑔 = 0, a linear same-sex rekurent relationship without it is called. 

First of all, we study the relationship of the 1-order linear recursive. 

(1) 𝑎𝑛 = 𝑓(𝑛)𝑎𝑛−1 + 𝑔(𝑛)      𝑛 ≥ 2 , 𝑎1 = 𝛼 

There𝑓(𝑛) 𝑣𝑎 𝑔(𝑛)functions with variable n and we 𝑓(𝑛) ≠ 0let's go through the method of finding the general formula for the condition in 

which we. 

First we enter the following auxiliary function. 𝑝𝑛 = 𝑓(1)𝑓(2)𝑓(3) … … 𝑓(𝑛)and proceeding from this it is possible to write (1) as follows. 𝑎𝑛𝑝𝑛 + 𝑎𝑛−1𝑝𝑛−1 = 𝑔(𝑛)𝑝𝑛  𝑣𝑎 𝑎𝑔𝑎𝑟 𝑎𝑛𝑝𝑛 = 𝜕𝑛assuming that definition, then (2)     𝜕𝑛 − 𝜕𝑛−1 = 𝑔(𝑛)𝑝𝑛 comes to view. 

If (2) to   n:=2,3,4,5…….,n-1,n   if we calculate the total sum by putting such numbers.                𝜕𝑛 − 𝜕1 = ∑ 𝑔(𝑟)𝑝𝑟𝑛𝑟=2       (3) 

So
𝑎𝑛𝑝𝑛 = 𝜕𝑛taking into account the sign (3) write as follows {𝑎𝑛}we can move on to the relationship that characterizes the general had of the sequence. 

So,                 𝜕𝑛 − 𝜕1 = 𝑎𝑛𝑝𝑛 − 𝑎1𝑝1 = ∑ 𝑔(𝑟)𝑝𝑟𝑛𝑟=2 → 

𝑎𝑛 = 𝑝𝑛( 𝛼𝑓(1) + ∑ 𝑔(𝑟)𝑝𝑟 )𝑛
𝑟=2 𝑎1 = 𝛼 , 𝑝1 = 𝑓(1) 

Now we will come to another rekurent attitude, which is the private status of our method we have 

studied. 

So, we will describe the method of determining the total limit of the 1-ordinal linear, non-

homogeneous, unchangeable coefficients recursive relationship. 𝑎𝑛 = 𝑐1𝑎𝑛−1 + 𝑐2   𝑛 ≥ 2 , 𝑎1 = 𝛼    𝑏𝑢 𝑦𝑒𝑟𝑑𝑎  𝑐1, 𝑐2   = 𝑐𝑜𝑛𝑠𝑡 𝑣𝑎 𝑐1 ≠ 1  
We perform the following replacement𝑎𝑛 = 𝑏𝑛 + 𝛾 , 𝛾 = 𝑐𝑜𝑛𝑠𝑡 𝑏𝑛 + 𝛾 = 𝑐1𝑏𝑛−1 + 𝑐1𝛾 + 𝑐2    𝑏𝑛 = 𝑐1𝑏𝑛−1 + (𝑐1 − 1)𝛾 + 𝑐2    
If we𝛾 = 𝑐21−𝑐1  𝑑𝑒𝑏 𝑡𝑎𝑛𝑙𝑎𝑠𝑎𝑘, 𝑛𝑎𝑡𝑖𝑗𝑎𝑑𝑎   𝑏𝑛 = 𝑐1𝑏𝑛−1it will look like. 

This is the geometric progression and its overall had𝑏𝑛 = 𝑏1𝑐1𝑛−1 

it will look like. 

So, 𝑏𝑛 = 𝑎𝑛 − 𝛾 = 𝑐1𝑛−1(𝛼 − 𝛾)                  →       𝑎𝑛 = 𝑐1𝑛−1(𝛼 − 𝛾) + 𝛾 

So, 1-we will come up with an orderly non-linear rekurent relationship 
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𝑎𝑛 = 𝛼 𝑎𝑛−1 + 𝛽𝛾𝑎𝑛−1 + 𝛿   𝑏𝑢 𝑦𝑒𝑟𝑑𝑎  𝛼𝛽𝛾𝛿 ≠ 0, 𝑛 ≥ 2       𝛼𝛾 ≠ 𝛽𝛿 

We do the following replacement.       𝑎𝑛 = 𝑏𝑛 + 𝑥                                      𝑏𝑛 + 𝑥 = 𝛼𝑏𝑛−1+𝛼𝑥+𝛽𝛾𝑏𝑛−1+𝛼𝑥+𝛿(1) 

(1) From attitude find  𝑏𝑛, we will have the following. 𝑏𝑛 = (𝛼 − 𝑥𝛾)𝑏𝑛−1 + (𝛼𝑥 + 𝛽) − 𝑥(𝛾𝑥 + 𝛿)𝛾𝑏𝑛−1 + 𝛼𝑥 + 𝛿  

Now in this case we select x as follows.   (𝛼𝑥 + 𝛽) = 𝑥(𝛾𝑥 + 𝛿) 

If we find x from this, we need to solve the following quadratic equation. 𝛾𝑥2 +(𝛿 − 𝛼)𝑥 − 𝛽 = 0                   𝑥 = 𝑥1, 𝑥2 

If we select an x1 root of this equation, we will have the following. 𝑏𝑛 = (𝛼 − 𝑥1𝛾)𝑏𝑛−1𝛾𝑏𝑛−1 + 𝛼𝑥1 + 𝛿 

Or we can write differently as follows 1𝑏𝑛 = 𝛾𝑥1 + 𝛿(𝛼 − 𝛾𝑥1)𝑏𝑛−1 + 𝛾(𝛼 − 𝛾𝑥1) 

And this becomes a simple rekurent relationship, which we consider at the beginning, if we do the 

following replacements. 1𝑏𝑛 = 𝑓𝑛            => 𝑓𝑛 =  𝑐1𝑓𝑛−1 + 𝑐2   
There𝑐1 = 𝛾𝑥1+𝛿(𝛼−𝛾𝑥1)     and𝑐2  = 𝛾(𝛼−𝛾𝑥1) 

We will solve the following wonderful issue with the practical application of the revised rekurent 

relationship. 

Issue 1: 𝐿𝑒𝑡′𝑠 𝑠𝑎𝑦 {𝑎𝑛}𝑖𝑠 𝑎 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠, 𝑙𝑒𝑡 𝑖𝑡 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔  𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠. 𝑎1 = 1 , 𝑎𝑛+1 = 116 (1 + 4𝑎𝑛 + √1 + 24𝑎𝑛) 𝑡ℎ𝑎𝑡𝑎𝑛 = 𝑓(𝑛)𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑡ℎ𝑒 𝑎𝑝𝑝𝑒𝑎𝑟𝑎𝑛𝑐𝑒 

Solution: in order to get rid of the square root,we perform the sign as follows. 1 + 24𝑎𝑛 = 𝑏𝑛   ,    2 𝑏𝑛 > 0    => 𝑎𝑛 = 𝑏𝑛2 − 124  

𝑎𝑛+1 = 116 (1 + 4𝑎𝑛 + √1 + 24𝑎𝑛)   => 𝑏𝑛+12 − 124 = 116 (1 + 16 (𝑏𝑛2 − 1) + 𝑏𝑛) 

Simplified the last expression, in case we come to the following. 
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4𝑏𝑛+12 − 4 = 𝑏𝑛2 + 6𝑏𝑛 + 5    =>   2𝑏𝑛+1 = 𝑏𝑛 + 3  , 𝑛 ≥ 1  𝑏𝑒𝑐𝑎𝑢𝑠𝑒𝑏𝑛 > 0   
Now in this case𝑏𝑛 = 𝑐𝑛 + 𝛿 if we do the replacement, we get the following. 2(𝑐𝑛+1 + 𝛿 ) =   𝑐𝑛 + 𝛿 + 3 <=> 2𝑐𝑛+1 = 𝑐𝑛 + 3 − 𝛿and this is due to the expression3 =𝛿if we choose as=> 𝑐𝑛+1 = 𝑐𝑛2     => 𝑐𝑛 = (12 )𝑛−1𝑐1 

This𝑏𝑛 = 3 + 12𝑛−2 𝑡ℎ𝑎𝑡′𝑠 𝑒𝑎𝑠𝑦 𝑡𝑜 𝑓𝑖𝑛𝑑. 
We find the relationship 𝑎𝑛 = 𝑓(𝑛)required of us as follows  𝑏𝑛2 = (3 + 12𝑛−2)2 = 9 + 122𝑛−4 + 62𝑛−2 => 𝑎𝑛 = 124 (8 + 122𝑛−4 + 62𝑛−2)it turns out that. 

The issue was resolved. 

Let's come up with some great issues to work independently [1]𝐼𝑓 {𝑎𝑛}𝑖𝑠 𝑎 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠, 𝑖𝑡 ℎ𝑎𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎1 = 0 , 𝑎𝑛+1 = 6𝑎𝑛 + 24 − 13𝑎𝑛  .   𝑆𝑜 𝑓𝑖𝑛𝑑{𝑎𝑛}. [2]:   {𝑎𝑛}𝑡ℎ𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛. 
 − 12 ≤ 𝑎𝑛+1 − 𝑎𝑛2𝑎𝑛−1 ≤ 12    ,   𝑎1 = 2,   𝑎2 = 7 . 𝑆𝑜       ∀𝑛               ≥ 𝑖𝑛 2   𝑎𝑛𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑜𝑑𝑑 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑠 𝑜𝑓 𝑎 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑛𝑢𝑚𝑏𝑒𝑟𝑠. 
 ( BMO 1988 ) [3]: {𝑥𝑛}𝑡ℎ𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑥1 = 𝑎 , 𝑥2 = 𝑏    𝑎𝑛𝑑𝑥𝑛+2 = 2008𝑥𝑛+1 − 𝑥𝑛 .  Without it there are such a and b,∀𝑛 ∈𝑁   𝑓𝑜𝑟    1 + 2006𝑥𝑛+1𝑥𝑛𝑡ℎ𝑒𝑟𝑒 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑎 𝑓𝑢𝑙𝑙 𝑠𝑞𝑢𝑎𝑟𝑒. 
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