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ABSTRACT 

This thesis presents and solves the problems of the Mathematical Olympiad that can be solved 

using the Stolz-Cesàro theorem. The theorem is named after mathematicians. Otto Stolz and 

Ernesto Cesaro, who stated and proved it for the first time. This theorem can also be used not 

only to solve the problems of the Mathematical Olympiad among university students, but also to 

solve the problems of the Olympiad for school and high school students. 
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INTRODUCTION 

In mathematics the Stolz-Cesaro theorem is a criterion for proving the convergence of a 

sequence. The theorem is named after mathematicians. Otto Stolz and Ernesto Cesaro, who 

stated and proved it for the first time. The Stolz-Cesaro theorem can be viewed as a 

generalization of the Cesaro mean but also as a Hopital's rule for sequences.   

This theorem can also be used not only to solve the problems of the Mathematical Olympiad 

among university students, but also to solve the problems of the Olympiad for school and high 

school students. The following is a summary of this theorem and some of the Mathematical 

Olympiad problems that can be solved on the basis of this theorem 

Stolz-Cesaro theorem 

The famous Stolz-Cesaro theorem states that if 𝑦𝑛  is a strictly increasing sequence  

 yn+1> yn  n=1,2,3, … 

with 

lim𝑛→∞ 𝑦𝑛 = +∞ 

and 

 lim𝑛→∞
𝑥𝑛+1−𝑥𝑛

𝑦𝑛+1−𝑦𝑛
= 𝐿 ∈ 𝑅, 

then we have 

lim
𝑛→∞

𝑥𝑛
𝑦𝑛

= 𝐿 



ACADEMICIA: An International Multidisciplinary Research Journal 
ISSN: 2249-7137     Vol. 12, Issue 05, May 2022     SJIF 2022 = 8.252 

A peer reviewed journal 

https://saarj.com 
 1191 

Problem 1 

  

Prove that the limit is 1. 

lim
𝑛→∞

1

ln(𝑛 + 1)
∗ 𝑖−1

𝑛

𝑖=1

= 1 

Solution 

We use the Stolz-Cesaro theorem to calculate the limit  

 𝑥𝑛 =  𝑖−1𝑛
𝑖=1  

 𝑦𝑛 = ln(𝑛 + 1) 

(i)  𝑦𝑛+1 > 𝑦𝑛   n = 1,2,3,….. 

 𝑦𝑛+1 = ln 𝑛 + 2 > 𝑦𝑛 = ln 𝑛 + 1 ,   n=1,2,3, .. 

(ii)  lim
𝑛→∞

𝑦𝑛 =  lim
𝑛→∞

ln 𝑛 + 1 =  +∞ 

 L = 

lim𝑛→∞
𝑥𝑛+1−𝑥𝑛

𝑦𝑛+1−𝑦𝑛
=  lim𝑛→∞

 𝑖−1𝑛+1
𝑖=1 − 𝑖−1𝑛

𝑖=1

ln 𝑛+2  −ln(𝑛+1) 
=  lim𝑛→∞

1

𝑛+1

ln(1+ 
1

𝑛+1
)

=  lim𝑛→∞
1

(n+1)ln(1+ 
1

𝑛+1
)

=

 lim𝑛→∞
1

ln(1+ 
1

𝑛+1
)𝑛+1

=  
1

𝑙𝑛𝑒
  = 1  

Based on the conclusion of the theorem 

L = lim𝑛→∞
1

ln(𝑛+1)
∗  𝑖−1𝑛

𝑖=1 = 1 

Problem 2 

If a>0, evaluase   lim𝑛→∞
 𝑎+  𝑎

2
+  𝑎

3
…..+  𝑎

𝑛
−𝑛

ln𝑛
 

Solution 

 an =  𝑎 +  𝑎
2

+  𝑎
3

… . . + 𝑎
𝑛

− 𝑛 

 bn = lnn 

(i) bn+1> bn n=1,2,3, …. 

ln(n+1)>lnn 

(ii) lim
𝑛→∞

𝑏𝑛 =  lim
𝑛→∞

𝑙𝑛𝑛 =  +∞ 

L = lim𝑛→∞
𝑎𝑛+1−𝑎𝑛

𝑏𝑛+1−𝑏𝑛
=  lim𝑛→∞

 𝑎
𝑛+1

− 𝑛+1 +𝑛

ln 𝑛+1  −ln(𝑛) 
   =  lim𝑛→∞

𝑎
1

𝑛+1−1

ln(𝑛+1)
∗

1

𝑛

ln 1+ 
1

𝑛
 
∗

𝑛

𝑛+1
= 𝑙𝑛𝑎 

L = lim𝑛→∞
 𝑎+  𝑎

2
+  𝑎

3
…..+  𝑎

𝑛
−𝑛

ln𝑛
= 𝑙𝑛𝑎 
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Problem3 

lim
𝑛→∞

 (𝑛 + 1)!
𝑛+1

−   𝑛 !
𝑛

 − ? 

Determine the value of Lesenjeri limit:  

Solution 

an =   𝑛 !
𝑛

 

bn = n 

(i) bn+1> bn n = 1,2,3, …. 

 n+1 > n 

(ii) lim
𝑛→∞

𝑏𝑛 =  lim
𝑛→∞

𝑛 = +∞ 

L = lim𝑛→∞
𝑎𝑛+1−𝑎𝑛

𝑏𝑛+1−𝑏𝑛
=  lim

𝑛→∞

 (𝑛+1)!
𝑛+1

−   𝑛 !
𝑛

𝑛+1−𝑛
 

L = lim𝑛→∞
𝑎𝑛

𝑏𝑛
=  

  𝑛 !
𝑛

𝑛
 

According to the Sterling formula 

lim𝑛→∞
𝑛 !

(
𝑛

𝑒
)𝑛 2𝜋𝑛

 = 1  => n!~(
𝑛

𝑒
)𝑛 2𝜋𝑛 

lim𝑛→∞
  𝑛 !
𝑛

𝑛
 = lim𝑛→∞

 (
𝑛

𝑒
)𝑛 2𝜋𝑛

𝑛

𝑛
 = lim𝑛→∞

𝑛

𝑒
  2𝜋𝑛

2𝑛

𝑛
 =  lim𝑛→∞

  2𝜋𝑛
2𝑛

𝑒
 = 

1

e
 

L = lim
𝑛→∞

 (𝑛+1)!
𝑛+1

−   𝑛 !
𝑛

𝑛+1−𝑛
=  

  𝑛 !
𝑛

𝑛
=  

1

e
 

lim
𝑛→∞

(  (𝑛 + 1)!𝑛+1 −   𝑛 !
𝑛

) = e
-1

 

Problem4 

∀ 𝑛𝜖𝑁,     xn> 0 

lim
𝑛→∞

(  𝑥𝑛 
𝑛

=  lim
𝑛→∞

𝑥𝑛+1

𝑥𝑛
 

Solution 

  𝑥𝑛 
𝑛

=   𝑥𝑞 ∗
𝑥2

𝑥1
∗

𝑥3

𝑥2
∗ …∗

𝑥𝑛

𝑥𝑛−1
; 

c1 = x1  c2 = 
𝑥2

𝑥1
  c3 = 

𝑥3

𝑥2
  ….  cn = 

𝑥𝑛

𝑥𝑛−1
  

lim
𝑛→∞

(  𝑥𝑛 
𝑛

=   𝑐1 ∗ 𝑐2 ∗ … .∗ 𝑐𝑛
𝑛  = lim

𝑛→∞
𝑒

lim
𝑛→∞

𝑙𝑛  𝑐1∗𝑐2∗….∗𝑐𝑛
𝑛

 ,  

Here for e× function is continuous, it can be solved according  to limit degree in (x∈R) 
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𝑙𝑖𝑚
𝑛→∞

𝑒𝑙𝑛  𝑐1∗𝑐2∗….∗𝑐𝑛
𝑛

=  𝑒
lim
𝑛→∞

𝑙𝑛  𝑐1∗𝑐2∗….∗𝑐𝑛
𝑛

= lim
𝑛→∞

𝑒
lim
𝑛→∞

1

𝑛
ln(𝑐1∗𝑐2∗….∗𝑐𝑛 )

 = 𝑒
lim
𝑛→∞

1

𝑛
(ln𝑐1∗ln𝑐2∗….∗ln𝑐𝑛 )

 

According to the Stolz-Cesaro theorem:  

an = ln𝑐1 ∗ ln𝑐2 ∗ … .∗ ln𝑐𝑛  

bn = n 

(i)  bn+1> bn 𝑛𝜖𝑁 n+1 > n 

(ii) lim
𝑛→∞

𝑏𝑛 =  lim
𝑛→∞

𝑛 = +∞ 

L = lim𝑛→∞
𝑎𝑛+1−𝑎𝑛

𝑏𝑛+1−𝑏𝑛
=  L =  lim𝑛→∞

𝑙𝑛𝑐𝑛+1

𝑛+1−𝑛
=  lim

𝑛→∞
𝑙𝑛𝑐𝑛+1= lim

𝑛→∞

ln𝑐1+ln𝑐2+⋯.+ln𝑐𝑛

𝑛
 = lim

𝑛→∞
𝑙𝑛𝑐𝑛+1 

𝑒
lim
𝑛→∞

1

𝑛
(ln𝑐1+ln𝑐2+⋯.+ln𝑐𝑛 )

= 𝑒
lim
𝑛→∞

𝑙𝑛𝑐𝑛+1  = lim
𝑛→∞

𝑙𝑛𝑐𝑛+1 =  lim
𝑛→∞

( 𝑐𝑛+1) = lim
𝑛→∞

𝑥𝑛+1

𝑥𝑛
 

The Stolz-Cesaro theorem can be viewed as a generalization of the Cesaro mean but also as a 

Hopital's rule for sequences.  

L’Hopital’s Rule. Suppose f and g are differentiable on some interval that has A as an 

accumulation point, lim𝑥→𝐴 𝑔 𝑥 =  ∞ and lim𝑥→𝐴
𝑓′(𝑥)

𝑔′(𝑥)
= 𝐿. Then: 

lim
𝑥→𝐴

𝑓(𝑥)

𝑔(𝑥)
= 𝐿 
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