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ABSTRACT

This article discusses methods for calculating integrals. The article discusses in detail the
methods for solving integrals of various types. For each method, there are examples of solutions
with step-by-step comments. The considered solution algorithm can be applied to any type of
integral.
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INTRODUCTION

While writing this article, the authors was guided by the following outdated article: the article
should be understandable and useful for university students, the authors would like it to be useful
for teachers as well.

There is a need to master the method of calculating integrals. In this regard, in many universities
throughout the country, within the framework of disciplines, separate topics and problems are
studied that can be attributed to integral calculations. However, there is still no complete,
systematized based on a general methodology. [1-5]

The purpose of the article is to improve methods for calculating by solving problems.

Scientific novelty lies in the fact that it contains the problem of improving university education
based on methods for calculating integrals. [6]
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I. Directintegration method

With the help of identity transformations of the integrand, the integral is reduced to an integral,
to which the basic integrations are applicable and possible, the table of integrals can be used. [7]

Il1. Differential injection

In the formulas of the indefinite integral, the value dx means that the differential of the variable
x is taken. You can use some of the properties of the differential in order to complicate the
expression under the differential sign, thereby simplifying the determination of the integral itself.

8]
For this the formula is used
y (x)dx = dy(x)
If the required function y(x) is absent, sometimes it can be formed by algebraic transformations.
[9]

1. Integration by change of variable

Let x = ¢(t), where the function ¢(t) has a continuous derivative ¢ '(t), and there is a one-to-
one correspondence between the variables x and t.

Then the equality
[ rax = | fe@)e @

A certain integral depends on the variable of integration, therefore, if the change of variable is
performed, then it is imperative to return to the original integration. [10]

Integration by parts

Integration by parts is called integration by the formula

fudv=u-v—jvdu

When finding the function v from its differential dv, one can take any value of the constant of
integration C, since it is not included in the final result. Therefore, for convenience, we will take
C = 0. The use of the formula for integration by parts is advisable in cases, where differentiation
simplifies one of the factors, while integration does not complicate the other. [11,12,13]

For example. Calculate the integral
fx7ex4dx

Solution
Let’s take
xt=t

4x3dx = dt
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et
X T a3

u=t

du = dt

dv = etdt

v=et

dt 1 1

jx7e"4dx=fx7-et-4—x3=1.fx4-et-dt=1ft-et-dt:
1 1 1 1 1 1
=Zt-et—Zfetdtzztet—zet+C=Zx4ex4—zex4+C=

1
=Ze"4(x4 -1+C

Now we present methods for solving integrals of different types.
. Indefinite integral
1. Calculate the integral
(x? +12)dx
(x sinx + 4 cos x)?

Solution

b
xsinx +4cosx =+/x?% + 16 cos(x — arctgz)

Let’s make substitutions

X
X — arcth =t

1
1- — 7 |dx = dt
1+Z 4
x?+16
W=D
(x*+12)dx [ (*+12)dx  [(x*+12 x*+16 dx _
(xsinx +4cosx)? ) (x2+ 16)cos?t fxz +16 x2+12 cos?t
dx x tgx—%
:fcoszt:tgt+c =tg(x—arctgz)+C=—1+§tgx+C:

4sinx — xcosx

4cosx + xsinx
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2. Calculate the integral
x%dx

(x sin x + cos x)?

Solution
1-way

x
xsinx + cosx = y/x% + 1 cos(x — arctgz)

X —arctgx =t

x
dt=<1——>d =——d
1+x2) T 12
14 x?
dx = ———dt
X
(x? + 12)dx x? 1 14 x?
- = . : dt = =tgt+C =
(x sinx + 4 cos x)? 1+ x% cos?t «x? s?t
tgx —x sinx — xcosx
= tg(x —arctgx) + € = ——— = .
1+xtgx cosx + xsinx
2-way
X
 cosx
cosx + xsinx
du = 5 dx
COS“x
1
vV=——
xsinx + cosx
Notice, that

(xsinx + cosx) = x cosx

Multiplying both the numerator and denominator under the integral function by cos x we get the
following integral [14]

j X xcosx -dx
cosx (xsinx + cosx)?

X j‘cosx+xsinx 1

— - + . -
cos x (x sinx + cos x) cos?x cosx + xsinx

X dx
= — - + > =
cos x (x sinx + cos x) cos?x

X sin x

cosx (xsinx + cosx) cosx
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—x + xsinx + sin x cos x

cos x (x sinx + cosx)

—x + x(1 — cos?x) + sin x cos x

cos x (x sinx + cos x)

X+ x — XCOSZX + sinx cos x —XCOSZX + sinx cos x

cos x (x sinx + cos x) ~ cosx (xsinx + cos x)

sinx —xcosx

xsinx + cosx
3. Calculate the integral

j(sz +1)e*’dx

Solution
uUu=x

du = dx

dv = 2xe* dx

v=e*

j(sz +1)e"2dx=foze"zdx+fe"2dx= fx-erxzdx+fe"2dx =

=xe"2 —fexzdx+fex2dx =xe"2 +C

f dx
x6+1

4. Calculate the integral

Solution

dx dx _ dx _
fx6+1_f(x2)3+1__f(x2+1)(x4—x2+1)_

x? +1—x? 1 x%dx
=f(xz+1)(x4_xz+1)dx=fmd’C‘Jm=
1 (x*+1)—(x%2-1) 1 d(x®)
T S U A

_1f x%+1 y 1f x%+1 y 1 tox® 4 O
T 21T T3S T
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1 1
1 1+ 1 1-= 1 5
=_f—1 dx——.[—l dx — -arctgx” + C' =
2 x2-+;5——1 2 XZ'F;E—'l 3

1 1

1 d(x—;) 1 d(x+;) 1 5

=§f—12 _Ef 2 2—§arctgx + C =
(x—-)*+1 (x+;) - (V3)
1

1 1 x+-—v3| 1
= —arctg(x — ) — 2V3In|[—F——| — —arctgx® + C

2 X x+-+V3| 3

5. Calculate the integral

erx
f (1 + 2x)? dx

er

C=raeate

Solution
u = xe?*
du = (e?* + 2xe?*)dx = e?*(1 + 2x)dx
dv = ;dx
(1 + 2x)?
1

N TC )
ferx -;dx = _iJrlfde =

(1 + 2x)? 2(14+2x) 2 1+ 2x
_ —xe* 1( , .  —xe¥ 1, B
—m+§fe dx—m+ze +C =
_ —2xe?* 4+ e?*(1 + 2x) B —2xe?* 4 e2* 4 2xe?¥

4(1 + 2x) 4(1 + 2x)
6. Calculate the integral

fcos(lnx) dx

Solution

fcos(lnx)dx=fet-costdt=et-sint—fet-sintdtz

=etsint+etcost—fetcostdt
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From here

Z.fet-costdt: ef(sint + cost)
et
jet-costdt=?(sint+cost)+C

j cos(lnx) dx = ;(sin(ln x) + cos(Inx)) + C

I1.  Definite integral
7. Calculate the integral

T
j‘? sin x dx
o Sinx + cosx

Solution

~
Il

e

; fi sin x p f? sin x dx JO cost-dt
= —_—dx = = — _——
o Sinx + cosx 0 sinx+sin(§—x) = cost + sint
2

T[
j? cosx dx
o Sinx + cosx

T m T

7 sinxdx 2 cosxdx z T
I = - + - =| dx==

o Sinx + cosx o Sinx + cosx 0 2

2
I _ T

T4
Means

T
]E sinx dx T
o Sinx +cosx 4

8. Prove that if the function f(x) is even, then

S L gy = [ F(x)dx *)

—a A*+1
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Solution

Change the variable by the formula x = —t, then

N Eic)) _ f-t) (YA
=) 1= A-t+1dt_f_aAt+1dt
Therefore
[ f™) CAf(x) N
21 = _an+1dx+J_an+1dx—f_af(x)dx—ZJof(x)dx

Whence the equality being proved follows.

1 x4
f_lzsinx+1dx

9. Calculate the integral

Solution
By formula (*), we have

fl x4 p fl 4d XS
T IERE el R

Lemma-1

1

0

b f@w . _b-a
_Lf(b+a—x)+f(x) XT3

Evidence
t=b+a—x
x=b,t=a
x=a,t=>b
dt = —dx
b X b b+a—t
I:fa f(b+af—(x))+f(x)dx:_fa f(t)f-(l-f(b+a)— t)
b f(b+a-x)
=,[a f)+f(b+a—x) x
b x)dx b b+a-—x) b
] f(b+£(—)x)+f<x>+L f<x§(+ fora—n" =L
b—a
2

dt =

21 = dx=b—a

I =
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10. Calculate the integral
6 xdx
2 V8 —x++x

Solution

By Lemma-1, we have

f6 Vxdx _ 6 Vx e 6-2_
2 VB—x+Vx Jy Ve+2—x+x 2

I11.  Improper integral
11. Calculate the integral

J‘°° dx
o (14 x2021)(1 4 x?)
Solution

1
xX=-

t

dt

dx = —t—z

dt
t

[ 0 dx — " -
_fo (1+x2°21)(1+x2>__fw (1+7m) (1+5)

£2021

0 t2021 dt 0 X2021 dx
T )y A+ 21 +t2) J, (1 +x220)( + x2)

m [ e [
o (14 x2021)(1 + x2) o (14 x2021)(1 + x2)
2 (1 + x22)dyx © dx LT
,l; (1 4+ x2021)(1 + x?) - fo 1+x2 arctg x|y = 2
A
4
12. Calculate the integral

I =

J% dx
o 1+ (tgx)2021
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Solution

Let

t=tgx

X = arctgt
dt

dx =
x 1+ t2

fa dx _ f‘” T2 dt
o 14 (tgx)202L — J/ 1+ (2021 — o (1 +1t2021)(1 +¢t2)

According to the previous problem, we get that this integral is equal to %.

Lemma-2

fowf(x)dx =f0 fix)

Evidence
Let

dt
dx——t—z
x—>oow, t—o0
x>0, t> o

Then

f:f(x)dx = —f:ft(z%) dt = J:O%?dx

13. Calculate the integral

x1 +1
© In( 5+1

o (1+x?)Inx

Solution

dx

1=fw In(= 5+1) p =J°°ln(x13+1) In(x® +1) i
0

o I+xH)Inx
Applying Lemma-2, we get

(1+x?)Inx
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dx =

1 1
j°°1n(x13 +1)—In(x°+1) o fooln(x? +1D) —In(z+1)
0 (1+x*)Inx 0 221+

B j“”ln(x” +1)—Inx® —In(x*> +1) +Inx> p
0

1+ x5 (= Inx) *=

_ _j""ln(x13 +1) —In(x°+1) — 8lnxdx _ g * Inxdx
0 (1+x%)Inx o 1+x?)Inx
2l = 8]00 dx = Barctgx|y = 8-z= At
o 1+x2 2
I =2m
14. Calculate the integral
J“”sinxdx
0 X

Solution
Let

du = cosx dx

1
v=——e
t
U = COS X
du = —sinx dx
1
v = __e—tx
t

It'—d j"”sinx g _J‘”sinx( Yo~ dx = Joo. —tx gy =
()_dt(o el )x—o . x)e X = 0smxe X =

o]

1

—tx o0

€ —tx

——f cosxe Ydx =
tJo

=sinx -

0

0 1 OO. i 1 1 ,
. -z i sinxe dx=———t—21(t)

_ s —tx
_O+t2 cosxe %)
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. 1 1,
I(t) =_t_2_t_21(t)

I'(t)- (1 +tl2> = —tiz

, 1+ t? 1

I't) =

1462
I(t) = —arctgt + C
I(t >©0)=0

T
I(t » ©) = —arctg(o) + C = _E+C= 0
C_n
2
T
I(t) = —arctgt+§
“sinx T
I(O)=J dx ==
0 x

15. Calculate the integral

s

len(cos x) dx
0

Solution

Let’s make the following substitution

s
X=E—t
Vs
t=z—x
dx = —dt
z 0

m 7
In(cosx) dx = f In (cos (— — t)) (—=dt) = f In(sinx) dx =1
0 > 2 0
21 = fz(ln(cos x) + In(sinx))dx = jzln(sinx -cosx)dx =
0 0

71 7 1
= fz In(zsin2x) dx = fz(ln— + In(sin 2x))dx =
o 2 o 2
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=—]21n2dx+f
0 0

s
2

2

-5 2+11+1f%1( Ydu= -T2+l i = —Cmat
= 2n ) ZOnCOSU u = 2n = 2n

T
21 = —Eln2+1

I=—Zin2

Z T 1 3
In(sin 2x) dx = —Eln2 + Ef In(sint) dt =
0

1( (2 ™
In2 + E(J.Zln(sin t)dt + f In(sint) dt) =
0 T
2

T 1 1 (" ) is 1 1 (2 _ T
=——1n2+—1+—f ln(smt)dt=——ln2+—1+—J ln(sm(u+—))du
2 Jr 0 2

2

2 2 2

2 2

16. Calculate the integral

Solution

® 1
J. arctg?(=)dx
0 x

By Lemma-2, we obtain the following equality

0 1 © t 2
j arctg?(—)dx = J de
0 X 0

x2

Integrate the right-hand side of the equality by parts

u = arctg®x

du = 2arctgx -
1
dv = —dx
X
1
vV=—=
x
t = arctgx
x =tgt
dt = dx
1+ x2
u=t
du =dt

dx
+ x2
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dv = cottdt
v = In(sin x)

f “arctg? (x) arctg? (x)
T Mgy =8
0

o]

x? x x(x?+1) x= x(x?+1)

f *2arctg(x) 0 J * 2arctg(x)
0 0

0

T

Tt T ™ T
= zfz—dt = 2f2tcottdt = 2| tin(sint)[} —len(sint)dt =
0 tgt 0 0

=0-2 J.Zln(sin t)dt
0

We know from the previous problem that the integral is

T

2 T
j In(sint)dt = —=1In2
O 2

Therefore

T

7 T
—ZL ln(smt)dt-—Z-(—E)InZ—nan

17. Calculate the integral
j"o cos(3x)

x
o X2+ 4

Solution

f"o Md _ J‘“’ cos(tx)
0

=2 | =4
» X2+ 4 x 2+4

*cos(tx)
I(t) = ZL mdx

10) =7

u=tx

u
X =—
t
du

dx = —
t

@ = Zj‘wx sin(tx)d B j‘“’xz sin(tx)
B 0 X244 x= o x(x2+4) =
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©(x%® + 4 — 4)sin(tx “sin(tx “ sin(tx
[ e
0 0 0
B Zf‘”sinud +8f°° sin(tx) dx = —2 n+8f°° sin(tx) e =
- o U “ o x(x%+4) *= 2 o x(x2+4) *=
* sin(tx)
——7r+8jO —x(x2+4)dx
Means
, * sin(tx)
I = — -
(t) n+8f0 21 4) X

* x cos(tx) j“’ cos(tx)
0

IH(t) =8JO mdk':S

2 dx = 41
w21 X =4O

We have obtained a homogeneous differential equation of the second order.

1'(t) = 41(t)

I'(t) —4I(t) =0

Make up a characteristic equation
k?—4=0

k=2, k,=-2

General solution equation is equal

I(t) = cie?t + ce™?t

T
I(O)=C1+C2=E

I'(t) = 2cie?t — 2c,e™?t

I'(t) =2¢;, —2c, = -1

T

c; =0, € =73

I
I(t) = e
® =7e

* cos(3x) s yia
1(3) = ———dx=—e % =—
) Lox2+4 X8 T 20

18. Calculate the integral

J
01+x4x
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Solution
1-way
By Lemma-2, we obtain the following equality

I_Joo p _foo xZ p _joo dex

)y 1+t *= o 1+x* *= o 1+ 2x%cosa) + x*
Where a ="/,

Adding this integral with the last integral we get

ZI—foo 1+ x?2 4
~ Jy 1+ 2x2cos(a) + x* x

] J°° 1+ x? 4
" 2)y 1+ 2x%cosa) + x* X
Knowing that the integrand function is an even function, that is

f;f(x)dx = Zfoaf(x)dx

We get that
[ 1[“’ 1+ x? p
~4) 1+ 2x2cos(2a) + x* *

Knowing that

cos(2a) = 1 — 2sin?(a)

x* + 2x% cos(2a) + 1 = x* + 2x%(1 — 2sin?(a)) + 1 =

= x* 4+ 2x? + 1 — 4x?%sin?(a) = (x* + 1)* — (2xsina)? =

= (x? — 2xsina + 1)(x% + 2xsina + 1)

Since the function f(x) = —2xsina is odd, it follows that the function

2x sin(a)

90 =~ (x? —2xsina + 1)(x? + 2xsina + 1)
Then

* ® =2xsin(a) &r
]_oo‘g(x)””r "), (x2—2xsina + 1)E;z2 torsine+1)
, Efw (1+x?)ar N

4)_ (x?=2xsina+1)(x%+2xsina +1)
1~ —2xsin(a) ar

*3 o(x?=2xsine +1)(x?+2rsine +1) -
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1 o0

x?—2xsin(a) +1 1~

axr

4 _00(12 —2rsina + 1)(x2 +2rsina + 1)

_ 1f°° dr
4)_,(r +sina)? +1—sin’(a)

1 x +sina 1

= arctg——
4cosa Ccos @

T _ T _\/Eﬂ'
4@ 22 4

2-way

/=j
0./1"+1

14+ 24

“r241
0 1+.1"4_ 0 1+.1"4

©y241
- [Tt
0 1+/1"

ax —/

Let’s make substitutions

1
t =x——
X

1

& =(1+=)a
X

X >0, [ > ©

xr -0, £t »—x

1
1 °°x2+1 f‘”7+1
/==
201+/1" 2

+x
/1,2

_1f°0 ar 1 ¢ "
C2) 24 (V22
19. Calculate the integral

0 il
Sin
] (2,1’)
e X

arctg—
R o

4 _oo(,1’2+2xsina/+1)

_1foo il _
" 4)_ (x +sina)? +cos2(2)

/A

c Vs ( 7Z) T
_» 4cosa\2 2)) 4cosa 4

(1Y)
B 0 1+.1"4 B 0

—fw dr-) 1
0 (r—22+2 2

1 (7 T T
~2il- ()2

cosZ
4

©x2 41

1+ 24
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Solution

2 2

0 '2 00'2
/:f sin (X)dl’ :Zf sin (X)dr
— 0

X X
“sin’(zr )
/ (f) = J —zdt’
0 X
V4
/()= >
Let’s make substitutions
u =2
o = ai
T2t
_u
Y
' a sin (z:r ) * 1
/()= j f —2x sin(&r )cos(&r )ar = J —dr
at 0 0o &

_f‘”sinu au _f smu[él 7
NV S 2

2¢
(See example 14)

N
—
~
—/
Il
NN

/()=

/(D) =

“’WNM

=0

/(¢)=

/() =

“'“‘Nm

f_sm(x) —Zf sm(x) :2.%:”

X
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IV.  Definite integral applications

One of the important applications of the definite integral is its use when finding the areas of
plane figures. Here are some examples. [15]

1.Prove that
1 1 1
1+-+-+-+—>Inn, 7V
2 '3 7n—1

Solution
L4ty
2 3 7n—1

The sum is the sum of the areas if all 2 — 1 quadrangles shown in (Fig.1). Since this sum is the
area of the entire stepped figure in (Fig.1), it is strictly greater than

[ =
1 X

Fig.1
In this way

R >f” =1
273 -1 ), & "7

As required to prove.
2. Prove inequality

7! < n?t08p—n+l Ly
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Solution

Points of the graph of the function » = In.x with the same abscissas in (Fig.2). Then the area
of the curved trapezoid is4, 4,4, i.e. ff Inx & , greater than the sum of the areas of triangle
A1B,A4, and trapezoids A,5,53A43, ..., A, 15 ,-15,A4,. SO

In2 In2+1In3 In(z—-1)+Inn
2T Tt 2

72
<J Inxy &
1

»
L'
v

y=Inx

Fig.2

Integrating by parts, we get
n 7n
j Inxy & =x|nx|f—f & =nlnn—-n+1
1 1
Hence,

1
In1+|n2+---+|n(72—1)+zln72 <nlnn-n+1

Whence
INnz!'<(z+05)Inz—7z+1or Inz!<In(?% 7+
And thus inequality

nl < ”ﬂ+0,5€—72+l

3. Prove that

is proved

100

1
——<1827 €N
Zn\/z

n=1
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Solution

Consider the function /A (x) = x = 1. Since the function /(x) is decreasing on the

\/_l
interval under consideration, the following inequalities hold
1 1
Wi < s atl<r<?2
1 1
33 < P at 2<xr <3
1 1

loomSm at 99 < r <100

Integrating these inequalities, we obtain
— < | —=a&

/2 jl xVx

— < | —=a&

33 .[2 xVx

100

100\/W fg x\/_

Adding the resulting mequalities we find

1 1 100 g
A A 1oom f T J P +f99 r
100 1 2 100 2
=fl ﬁﬂ’z—\/—;l =—E+2_18
Whence the proved inequality follows.
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