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ABSTRACT 

We study one incoming, two outgoing and triangle graphs for the equation of linear KdV. Using 

the theory of potentials, we reduce the problem to systems of linear integral equations and show 

that they are uniquely solvable under conditions of the uniqueness theorem. 
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INTRODUCTION 

In this paper, we address the linearized KdV equation on a star graph   with one bounded bond 

and two semi-infinite bonds connected at one point, called the vertex. 

The bonds are denoted by , 1,6
j

B j   the coordinate 
1

x  on 
1

B  is defined from 
1

L  to 0 , and 

coordinates 
2

x  and 
3

x and
4

x  from links 
2

B  and 
3

B and
4

B  from 0  to L , 

and coordinates 
5

x  and 
6

x  on the bonds 
5

B  and 
6

B  are defined from 0  to such that on each 

bond the vertex corresponds to 0 . On each bond we consider the linear equation: 

3

3
( , ) ( , ), 0, , 1,6.

j j j j j

j

u x t f x t t x B j
t x

  
        

  (1) 
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Below, we will also use the notation x  instead of , 1,6
j

x j  . We treat a boundary value 

problem and using the method of potentials, reduce it to a system of integral equations. The 

solvability of the obtained system of integral equations is proven. 

1. Formulation of the problems 

To solve the linear KdV equation on an interval, one needs to impose three boundary conditions 

(BC): two on the left end of thex-interval and one on the right end, (see, e.g.,[5-6] and references 

therein). For the above star graph, we need to impose 5 BCs at thevertex point, which should 

provide also connection between the bonds and 2 BCs at the leftside of 
1

B . In detail, we require 

1 2 3 1 2 3

2 3

1 2 3 1 1 1

1 1
(0, ) (0, ) (0, ), (0, ) (0, ) (0, ),

(0, ) (0, ) (0, ), ( ; ) ( ),

x x x

xx xx xx

u t u t u t u t u t u t
b b

u t u t u t u L t t






   

   

   (2)

2 2 2 4 5

4 5

2 2 4

4 5

5

2

1 1
( , ) (0, ) (0, ), ( , ) (0, ) (0, ),

( , ) (0, ) (0, ),

x x x

xx xx xx

u L t u t u t u L t u t u t
b b

u L t u t u t






  

 


  (3) 

3 4 3 3 4 4 6

4 6

3

3 4

3 4 4 6

6

1 1
( , ) ( , ) (0, ), ( , ) ( , ) (0, ),

( , ) ( , ) (0, ),

x x x

xx xx xx

u L t u L t u t u L t u L t u t
b b

u L t u L t u t

   







 

  (4)
 

for 0 t T  , T const .Furthermore, we assume that the functions ( , ),
j

f x t 1,6j  are 

smooth enough hand bounded. The initial conditions are given by:  

0,
( ,0) ( ), , 1,6.

j j j
u x u x x B j       (5) 

It should be noted that the above vertex conditions are not the only possible ones. The main 

motivation for our choice is caused by the fact that they guarantee uniqueness of the solution 

and, if the solutions decay (to zero) at infinity, the norm (energy) conservation. 

2.Existence and uniqueness of solutions 

Lemma 1.Let
2 2

2 3
1b b  ,

2 2

4 5
1b b  , 

2 2

4 6
1b b   Then the (1)-(5) has at most one solution. 

Prof of Lemma 1.Using the equation (1) one can easily get: 

  2 2( , ) 2 2 ( , ) ( , )
b bx b

j j jxx jx j j
x a

a a

u x t dx u u u f x t u x t dx
t






  


   

for appropriate values of constants a  and b  on each bond. The, the above equalities and vertex 

conditions (2)-(5) yield: 
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 2 2 2

12

1
( )t te u e f t

t

  


   
  

  
, 

2 2 2( ) 2

0 12
0

1
( , ) ( )

t

tu u e f d     


   
    

 
  , (6) 

Where  

32 4

1

0

1 1 1 2 2 2 3 3 3 4 4 4 5 5 5 6 6 6

0 0 0 0 0

( , )
LL L

L

u v u v dx u v dx u v dx u v dx u v dx u v dx
 



           , 

|| || ( , )u u u  are 
2

L  scalar product and norm defined on graph,  -is an arbitrary positive 

number. 

Uniqueness of the solution follows from (6). 

Lemma 2. a) Let  ;a b . Then ( , )u x t  satisfies 0
t xxx

u u   for 0t   and: 

0

0 0

( , ) ( ,0)
0

( ), ( , );
lim ( , )

0, ( , ).x y x

x if x a b
u x t

if x a b






 


 

b) Let  2 ( , ) (0, ) .f L a b T  Then, ( , )v x t  satisfies ( , )
t xxx

u u f x t   in 

 ( , ) 0, ,a b T 0T   and initial condition 
0

( ,0) ( ), ( , ).u x u x x a b   

c) If
1(0, ),

k
H T  then 

(1) (1) (2)

0 0 0

2
lim ( , ) ( ), lim ( , ) ( ), lim ( , ) 0

3 3x a x a x a
x t y x t y x t

 
    

     
     

Now, we are ready to construct exact solutions for the considered problems. We assume 

that initial data and source terms in each bond are sufficiently smooth and bounded 

functions.[16] 

Main results 

Theorem 1. Letdet 0,A  1 0,
k

C T   

Then the problem (1)-(5) has a unique solution in.  3

0,
( ) 0,

j
u x C T  

(
1 3([0,  ],  ( ))C T C  ) 

Proof of Theorem 1.To prove the theorem, we use the following functions are called 

fundamental solutions of the equation 0.
t xxx

u u   (see [1, 3, 5, 12, 16]): 
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  1 1

3 3

1
, ,

, ; ,
( ) ( )

0

x
f t

U x t
t t

t




 
 



  
   

     


 

  1 1

3 3

1
, ,

, ; ,
(

0

) ( )

x
t

V x t
t t

t


 

 
 



  
   

     


 

where
3 3

( ) ,
3 3

x
f x Ai

  
  

 
3 33

(
3

)
x

x Bi



 

  
 

 for 0,x  ( ) 0x  for 0x  and 

( )Ai x and ( )Bi x  are the Airy functions.  The functions ( )f x  and ( )x  are integrable and 
0

( ) ,
3

f x dx





0

2
( ) ,

3
f x dx




0

( ) 0.x dx


  

We summarize some properties of potentials for (1) from [3,5]. Forgiven , f and let:  

0

( , ) ( , ; ,0) ( ) , ( , ) ( , ; , ) ( , ) ,
b t b

a a

u x t U x t d v x t U x t f d d              

(1) (2)

0 0

( , ) ( , ; , ) ( ) , ( , ) ( , ; , ) ( ) .
t t

x x
x t U x a t d x t V x a t d

 
             

Below, we also use fractional integrals [8] 

   
1

(0, )

0

1
( ) : , 0 1

( )

t

t
J f t t f d

    




   


  

and the inverse of this operator, i.e. the Riemann-Liouville fractional derivatives [8, 9]defined 

by:    (0, )

0

1
( ) : , 0 1.

(1 )

t

t

d
D f t t f d

dt

    




   
 

  

We look for solution in the form: 

1 1 1 1 1

0 0

( , ) ( , ;0, ) ( ) ( , ; , ) ( ) ( , )
t t

u x t U x t d U x t L d F x t             
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0 0

0

( , ) ( , ;0, ) ( ) ( , ;0, ) ( )

( , ; , ) ( ) ( , ), 2,3,4.

t t

k k k

t

k k k

u x t U x t d V x t d

U x t L d F x t k

       

   

  

  

 



 

5 5 55

0 0

( , ;0, ) ( ) ( , ;0, ) ( ) ( , ),( , )
t t

u Ux t Vx t d x t d F x t          

6 6 66

0 0

( , ;0, ) ( ) ( , ;0, ) ( ) ( , ),( , )
t t

u Ux t Vx t d x t d F x t          
 

Where 

0

1
( , ) ( , ; , ) ( , ) , 1,6

k

t

k k

B

F x t U x t f d d k     


     (7) 

Satisfying the conditions (2) we have:  

1 2 3
) (0, ) (0, ) (0, ),a u t u t u t   

   

   

 

1 2 2

2
13

1 1(0, ) 1
3 3

0

2
23

1 1(0, ) 2
3 3

0

2
3

(0, ) 2 1

(0) ( ) (0) ( ) (0) ( )

1 1
( )

1

3

1 1
( )

1

3

1
(0, ) (0, )

1

3

t

t

t

t

t

f t f t t

L
D f d

t t

L
D f d

t t

D F t F t

   

  
 

  
 

  

 
  
       

 

 
  
       

 

 
 

 
 





   (8) 

(8*) can be derived from (8) 

 

1 2 2

1 1 2 2

0 0

2
3

(0, ) 2 1

(0) ( ) (0) ( ) (0) ( )

1 1
( ) ( )

1 1

3 3

1
(0, ) (0, )

1

3

t t

t

f t f t t

K d K d

D F t F t

   

     

  

  
   

    
   

 
 

 
 

      (8*) 
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1 3 3

2
13

1 1(0, ) 1
3 3

0

2
33

1 1(0, ) 3
3 3

0

2
3

(0, ) 3 1

(0) ( ) (0) ( ) (0) ( )

1 1
( )

1

3

1 1
( )

1

3

1
(0, ) (0, )

1

3

t

t

t

t

t

f t f t t

L
D f d

t t

L
D f d

t t

D F t F t

   

  
 

  
 

  

 
  
       

 

 
  
       

 

 
 

 
 





   (9) 

(9*) can be derived from (9) 

 

1 3 3

3 1 4 3

0 0

2
3

(0, ) 3 1

(0) ( ) (0) ( ) (0) ( )

1 1
( ) ( )

1 1

3 3

1
(0, ) (0, )

1

3

t t

t

f t f t t

K d K d

D F t F t

   

     

  

  
   

    
   

 
 

 
 

 
    (9*) 

1 2 3

2 3

1 1
(0, ) (0, ) (0, ),)

x x x
u t u tb u t

b b
 

 

   

   

1 2 2

2 2

1
13

2 1(0, ) 1
3 3

0

1
23

2 1(0, ) 2
3 3

0

2

1
3

(0, ) 2 1

2

1 1
(0) ( ) (0) ( ) (0) ( )

1 1
( )

2

3

1 1
( )

2

3

1 1
(0, ) (0, )

2

3

t

t

t

t

t x x

f t f t t
b b

L
D f d

t t

L
D f d

t tb

D F t F t
b

   

  
 

  
 

    

 
  
       

 

 
  
       

 

 
  

    
 





    (10) 

(10*) can be derived from (10) 
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1 2 2

2 2

5 1 6 2

0 0

2

1
3

(0, ) 2 1

2

1 1
(0) ( ) (0) ( ) (0) ( )

1 1
( ) ( )

2 2

3 3

1 1
(0, ) (0, )

2

3

t t

t x x

f t f t t
b b

K d K d

b

D F t F t
b

   

     

    

  
   

    
   

 
  

    
 

 

  (10*)

 

   

   

1 3 3

3 3

1
13

2 1(0, ) 1
3 3

0

1
33

2 1(0, ) 3
3 3

0

3

1
3

(0, ) 3 1

3

1 1
(0) ( ) (0) ( ) (0) ( )

1 1
( )

2

3

1 1
( )

2

3

1 1
(0, ) (0, )

2

3

t

t

t

t

t x x

f t f t t
b b

L
D f d

t t

L
D f d

t tb

D F t F t
b

   

  
 

  
 

    

 
  
       

 

 
  
       

 

 
  

    
 





   (11) 

(11*) can be derived from (11) 

1 3 3

3 3

7 1 8 3

0 0

3

1
3

(0, ) 3 1

3

1 1
(0) ( ) (0) ( ) (0) ( )

1 1
( ) ( )

2 2

3 3

1 1
(0, ) (0, )

2

3

t t

t x x

f t f t t
b b

K d K d

b

D F t F t
b

   

     

    

  
   

    
   

 
  

    
 

 

  (11*)

1 2 3
) (0, ) (0, ) (0, ),

xx xx xx
c u t u t u t 
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1 20
3

10
3

1

1 10

3

3

3 2

1 2

2

3

3

1

1
( )

( )

1
( )

( )

1
( )

( )

(0, ) (0, ) (0, ),

2 2
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3 3 3

t

t
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xx xx xx

f d
t

t

f d
t

t

L
f d

t
t

F t

t

F t F t

t t

L
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  (12) 

(12*) can be derived from (12) 

0

1 2 3

9 10 120 0

3

3

2 1

3 1
( ) ( ) ( )

(0, ) (0, ) (0, ),

2 2
( ) ( ) ( )

3 3 3
t t t

xx xx xx

d d

t t t

K K Kd

F t F t F t

    



 



 

 
    

   

  

      (12*)

 d) 
1 1 1
( ; ) ( )u L t t   

   

 

2
13

1 11 (0, ) 1
3 3

0

2
3

(0, ) 1 1 1

1 1
(0) ( ) ( )

1

3

1
( ) ( , )

1

3

t

t

t

L
f t D f d

t t

D t F L t

   
 



 
  
       

 

  
 

 
 



  (13) 

(13*) can be derived from (13) 

 

1 12 1

0

2
3

(0, ) 1 1 1

1
(0) ( ) ( )

1

3

1
( ) ( , )

1

3

t

t

f t K d

D t F L t

   



 
 

 
 

  
 

 
 



    (13*) 

Satisfying the conditions (3) we have:  

522 4
( , ) (0, ) (0, ),)a u L t u t u t   
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3
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F t F L t    (14) 

(14*) can be derived from (14) 
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(15*) can be derived from (15) 
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(18*) can be derived from (18) 
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Satisfying the conditions (4) we have:  
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1 1
( )

1

3

1
( ,

1

3

t

t
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t

t
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f t f t

L
D f d

t t

L
D d

t t

L
D d

t t

D F L

 

  
 

   
 

   
 

 

 
  
       

 

 
  
       

 

 
 
       

 


 

 
 







 2 3
) ( , )t F L t    (19) 

(19*) can be derived from (19) 

 

3 4

26 3 27 3

0 0

28 4 29 4

0 0

2
3

(0, ) 4 4 2 3

(0) ( ) (0) ( )

1 1
( ) ( )

1 1

3 3

1 1
( ) ( )

1 1

3 3

1
( , ) ( , )

1

3

t t

t t

t

f t f t

K d K d

K d K d

D F L t F L t

 

     

     

 

  
   

    
   

  
   

    
   

 
 

 
 

 

     (19*) 
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3 6 6

2
33

1 1(0, ) 3
3 3

0

2
33

1 1(0, ) 3
3 3

0

2
3

(0, ) 6 3 3

(0) ( ) (0) ( ) (0) ( )

1 1
( )

1

3

1 1
( )

1

3

1
(0, ) ( , )

1

3

t

t

t

t

t

f t f t t

L
D f d

t t

L
D d

t t

D F t F L t

   

  
 

   
 

  

 
  
       

 

 
  
       

 

 
 

 
 





  (20) 

(20*) can be derived from (20)  

 

3 6 6

30 3 31 3

0 0

2
3

(0, ) 6 3 3

(0) ( ) (0) ( ) (0) ( )

1
( ) ( )

1
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1
(0, ) ( , )

1

3

t t

t

f t f t t

K d K d

D F t F L t

   

     

  

 
       

 

 
 

 
 

     (20*)

 

3 3 4 4 6

4 6

1 1
( , ) ( , ) (0, ),)

x x x
u L t u Lb t u t

b b
 

 

   

   

   

3 4 6 6

4 6 6

1
33
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3 3

0

1
33
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3 3

0

1
43
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3 3

0
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3
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2

3
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2
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t

t

t

t
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L
D f d
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L
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L
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1
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L
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(21*) can be derived from (21) 

3 4 6 6

4 6 6

32 3 33 3

0 0

34 4 35 4

0 0

1
3

(0, ) 4 4 6 3 3

4 6

1 1 1
(0) ( ) (0) ( ) (0) ( ) (0) ( )

1
( ) ( )

2

3

1
( ) ( )

2

3

1 1 1
( , ) (0, ) ( , )

2

3

t t

t t

t x x x

f t f t f t t
b b b

K d K d

K d K d

D F L t F t F L t
b b

    

     

     

     

 
       

 

 
       

 

 
  

    
 

 

 



   (21*)

 

3 3 4 4 6
( , ) ( , ) (0, ),)

xx xx xx
c u L t u L t u t 

 
   

   

 

3 4 6

3

1 3
3

0

4

1 4
3

0

4 4 6 3 3

2 2
( ) ( ) ( )

3 3 3

1
( )

1
( )

( , ) (0, ) ( , )

t

t

xx xx xx

t t t

L
f d d

t t

L
d
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F L t F t F L t

  
  

   
 

   
 

   

 
  
   

 
  
   

  





      (22) 

(22*) can be derived from (22) 

 

3 4 6

36 3 37 3 38 4 39 4

0 0 0 0

4 4 6 3 3

2 2
( ) ( ) ( )

3 3 3

( ) ( ) ( ) ( )

( , ) (0, ) ( , )

t t t t

xx xx xx

t t t

K d K d K d K d

F L t F t F L t

  
  

           

   

    

  

      (22*)

 

where the kernels of integral operators defined as: 
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1
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x

K U y L t dy    , 
10 3

0

( ; )
x

K U y L t dy   , 
11 1

0

( ; )
x

K U y L t dy    

1

2 1 112
3 3 3

1

( ) ( ) ( )

t L
K f d

t


    

 
      

 , 

2

2 1 113
3 3 3

1

( ) ( ) ( )

t L
K f d

t


    

 
      

 , 

2

2 1 114
3 3 3

1

( ) ( ) ( )

t L
K d

t

 
    

 
      

 , 

2

2 1 115
3 3 3

1

( ) ( ) ( )

t L
K f d

t


    

 
      

 ,

2

2 1 116
3 3 3

1

( ) ( ) ( )

t L
K f d

t


    

 
      

 , 2

2 1 117
3 3 3

1

( ) ( ) ( )

t L
K d

t

 
    

 
      

 , 

2

1 2 118
3 3 3

1

( ) ( ) ( )

t L
K f d

t


    

 
      

 , 2

1 2 119
3 3 3

1

( ) ( ) ( )

t L
K d

t

 
    

 
      





ISSN: 2249-7137                Vol. 11, Issue 3, March 2021          Impact Factor: SJIF 2021 = 7.492 

ACADEMICIA: An International Multidisciplinary Research Journal 
https://saarj.com 

 2340 

ACADEMICIA 

, 4

1 2 120
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0
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x

K U y L t dy    

24 2

0

( ; )
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3 3 3

1

( ) ( ) ( )

t L
K d
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36 3

0

( ; )
x

K U y L t dy    ,
37 3

0

( ; )
x

K V y L t dy    , 

38 4

0

( ; )
x

K U y L t dy    ,
39 4

0

( ; )
x

K V y L t dy    ,  

We obtained the system of integral equations (8) – (22) with respect to unknowns 

( ) ( ( ), ( ), ( ), ( )) . 1,7; 1,2; 2,3,4T

k n i i
t t t t t k n i         
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matrix

1

2

3

0 0

0 0

0 0

A

A A

A

 
 

  
 
 

 

I-Bondmatrix :

2 2

1

3 2

(0) (0) 0 (0) 0 0

(0) 0 (0) 0 (0) 0

1 1
(0) (0) 0 (0) 0 0

1 1
(0) 0 (0) 0 (0) 0

2 2
0 0 0

3 3 3

0 0 0 0 0 (0)

f f

f f

f f
b b

A
f f

b b

f









  

  
 

 
 
 

    
 

  
    

 
 
   
 
 
 

 

1
det 0A   

II-Bondmatrix :
2

4 4

5 5

(0) 0 (0) (0) 0

0 (0) 0 (0) (0)

1 1
(0) 0 (0) (0) 0

1 1
0 (0) 0 (0) (0)

2 2
0 0

3 3 3

f f

f f

A f f
b b

f f
b b









  

 
 
 

 
  
 
 

     
 
 

    
 
 
   
 

 

2
det 0A   
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III-Bondmatrix: 
3

6 4 6

0 (0) (0) 0

(0) (0) 0 (0)

1 1 1
(0) (0) (0) (0)

2 2
0

3 3 3

f f

f f

A f f f
b b b





  

 
 

 
 
 

       
 
 

   
 

 

3
det 0A   

det 0A  

According to the asymptotes of Airy functions the kernels of the integral operators are integrals 

(see [14, 15]). Hence, it follows from the uniqueness theorem and Fredholm alternatives that the 

system of equations has a unique solution. Thus the solvability of the problem is proved. 
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