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ABSTRACT

We study one incoming, two outgoing and triangle graphs for the equation of linear KdV. Using
the theory of potentials, we reduce the problem to systems of linear integral equations and show
that they are uniquely solvable under conditions of the uniqueness theorem.

KEYWORDS: Third Order PDE, Boundary Value Problem, Method Of Energy Integrals,
Method Of Potentials, Initial Condition, Boundary Condition, Integral Equation.

INTRODUCTION

In this paper, we address the linearized KdV equation on a star graph I" with one bounded bond
and two semi-infinite bonds connected at one point, called the vertex.

The bonds are denoted by B, j =1,6 the coordinate X, on B, is defined from —L, to 0, and
coordinates X, and X,and X, from links B, and B,and B, from O to L,

and coordinates X, and X, on the bonds B, and B, are defined from 0 to such that on each
bond the vertex corresponds to 0. On each bond we consider the linear equation:
o 0

[E_yluj(xj,t)— f,(xt), t>0,x,€B,,] =1,6. 1)
i
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Below, we will also use the notation X instead of X j:].,_6. We treat a boundary value

problem and using the method of potentials, reduce it to a system of integral equations. The
solvability of the obtained system of integral equations is proven.

1. Formulation of the problems

To solve the linear KdV equation on an interval, one needs to impose three boundary conditions
(BC): two on the left end of thex-interval and one on the right end, (see, e.g.,[5-6] and references
therein). For the above star graph, we need to impose 5 BCs at thevertex point, which should

provide also connection between the bonds and 2 BCs at the leftside of B, . In detail, we require

1O =U, 0. =00, 4,0.0=1u, 0 =+t (0.1 o

Uy, (0,8) = U,, (0,8) +u,,, (0,1), uy(=L,;t) = ¢1(t)

0, (L) =1,(0,8) = U, (0,1), u,,(L,/t) = u4x(0t) u5x(0t>
b, b, 3)

(L,,t)=u, (0,t) +u,_(0,t),

2xx 4xx

(L) =L ) =U, 0.0, U (L) =U (L) + 0, (0)

b, b, (4)
u3xx (LS’t) = u4xx (L4’t) + uexx (O,t),

for O<t<T , T =const .Furthermore, we assume that the functions fJ.(X,t), jzﬁ are

smooth enough hand bounded. The initial conditions are given by:
u,(x,0)=u,,(x), xeB,, j=16. (5)

It should be noted that the above vertex conditions are not the only possible ones. The main
motivation for our choice is caused by the fact that they guarantee uniqueness of the solution
and, if the solutions decay (to zero) at infinity, the norm (energy) conservation.

2.Existence and uniqueness of solutions
Lemma 1.Leth? +b? <1,b7 + b’ <1, b} +b? <1 Then the (1)-(5) has at most one solution.

Prof of Lemma 1.Using the equation (1) one can easily get:

o ‘b b
a!uf(x,t)dx (2uu,, - ufx)xza+2£fj(x,t)uj(x,t)dx

for appropriate values of constants a and b on each bond. The, the above equalities and vertex
conditions (2)-(5) yield:
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0
Where

0 Lz L3 L4 +00 +o0
(U,v) = [uvdx + fuv,dx, + [uy,dx, + [uy,dx, + [uydx + [ uyv,dx, ,
0 0 0 0 0

— Ll

|ull=+/(u,u) are L, scalar product and norm defined on graph, & -is an arbitrary positive
number.

Uniqueness of the solution follows from (6).

Lemma 2. a) Let @ €[a;b]. Then u(x,t) satisfies u, —u, =0 for t >0 and:

{ﬂa)(xo), if x, €(a,b);

lim u(xt)= 0 if x, (ab).

(x,¥)(x.0)

b) Let fel?((ab)x(0,T)). Then, V(xt) satisfies u —u_  =zf(x,t) in
(a,b) x (O,T], T >0 and initial condition u(x,0) =u,(x), X €(a,b).

c) Ifg, € H*(0,T), then

im o (40 =22 p(y), fim o (1) =~Zp(y), Jim o (x1) =0

x—a+0

Now, we are ready to construct exact solutions for the considered problems. We assume
that initial data and source terms in each bond are sufficiently smooth and bounded
functions.[16]

Main results

Theorem 1. Letdet A=0, ¢, € Cl[O,T]
Then the problem (1)-(5) has a unique solution in. U ;(X) € C? [O,T]

(CY([0, T], C*(1)))

Proof of Theorem 1.To prove the theorem, we use the following functions are called
fundamental solutions of the equation u, —u__=0. (see [1, 3, 5, 12, 16]):
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T e b B
M= -y La-ny
0 t<np
1 X—¢&
@ T t>m,
V(x,t;&,n)= 3 3
(B2 -y Ly
0 t<np

where f(x):%Ai(—%} go(x):%Bi(—%j for x>0, @(x)=0 for x<0 and

Ai(x) and Bi(X) are the Airy functions. The functions f(X) and ¢(X) are integrable and
0 T +00 27T +90

f(xX)dx=—, | f(X)dx=—, x)dx =0.
L (x) 3 ! () 3 !(0( )

We summarize some properties of potentials for (1) from [3,5]. Forgiven @, f and ¢ let:

u(x) = JUEEQ@(EIE Vixt) = [ [UEED T (£, 9)dédr

o (%) = [U,, (72,0007 dn, o (x1) = [V, (x 7:2,00()dn.

Below, we also use fractional integrals [8]
1 F a-1
Je f@t)=——|(t—-7) f(r)dr, O<a<l
(0.t) ( ) F(a) 0( ) ( )

and the inverse of this operator, i.e. the Riemann-Liouville fractional derivatives [8, 9]defined

1 d F -a
by: Dy, f(t) = r(1—a)Eo(t_T) f(z')dr, O<a<l.

We look for solution in the form:

u,(x,t) = jU (x,t;0,7) e, (17)dn + jU (x,t; =L, m)e, (7)dn +F,(x,1)
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u (x.t) = [U(x,t,0,7)¢, (m)dn + [V (x,1;0,7) e, ()77 +
0 0

+jU (6 L.m B (mdn +F(x1), k=2,3,4.

us(x,t) = jU (x,:0,7),(7)dn +jV(X,t;0,77)w5(77)d77 +F(x1),

U (X,1) = jU (x,5,0,7), (7)dn +jV(X,t;0,77)W6(77)d77 +F(x1),

Where

F(Xt)——HU(xtén)f(én)dédn, k=16 (7)
Satisfying the conditions (2) we have:
a) u,(0,t) =u,(0,t) =u,(0,1),

f (0, (1) — T (0)p, (1) — @ (0)x, (1) +

L,

1 24 t 1
+—D<oi>f f o, (n7)dn —
r[lj o (t—n)* ((t—n)"
3 )
- N L 5 ydn =
F(’S‘J e (t_")y (t—n)* )"

__ L p* [F,(0,t) — F.(0,1)]

1 (0,t)
(3)
(8*) can be derived from (8)
F(0),(t) - T (0)e, (1) — @(0) e, (t) +
#—rs (K () - [ K., ) = @)
1O O

__ ! px [F,(0,)-F.(0,1)]

1 (0.,t)
(j
3
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F (O, (1) — T (0)p, () — »(O)x, (1) +
1

1 25 f L, drr—
+r[:13) D(O’t)g(t—ﬂ)% [(t—ﬂ)%]%(n) 7 ©)

1 24 | 1

1 —— —
r(lj Pl [(t —7)" ]ﬁg(mdn

D, [F,(0.t) — F.(0,1)]
r( )

(9%) can be derived from (9)
f(0)p.(t) — T (0)e, (1) — p(0)cx, (1) +

1 ¢ 1 ¢ (9%)
+—< [ Keen (m)dny ——=< [ K., (r)dny =
r(3)° r(3)°
3 3
1
= 1 (Ot)[F(O t) F(O t)]
)
3
1 1
b)u, (0,t) =—u, (0,t) =—u, (0,1),
b, b,
f/(0) ¢, () — bi £/(0) ¢, () — b—iw'(O)az ® +
= e, (17)d 77 — (10)
r@ ! n>/ [(t )yJ i

L
- (Ot) 2 ﬂz( )d =
bZF[SJ I( —77)/ [(t—ﬂ)%J T

- ﬁ D, [é F..(0.0) — F, (o,t)]
3

(10%*) can be derived from (10)
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£/(0), (1) — - £(0), () — -9/ (@, (1) + -

s [ K 07y — ——2 < [ K3, (7)d 77 =
(5)° 2r(5)°

- 12 D(%)/i) |:bi F.(O,t) — F, (O,t):|
o(3)
3

£7(0)ep, (1) — bi £7(0) g, (t) — biqo'(O)aa )+

3

1 }/ ; 1 r Iﬂ

——D f dz» —

1—‘(2] (o,t)_(‘)-(t_n)% [(t_n)%]al(ﬂ) n (11)
3

3

1 1 1 , —L,
—— <D — T L (@)dn =
br@ ”ia—n)é [(t—m%]

- ﬁ D, [bi F,.(0.0) — F, (o,t)}

3

(11%*) can be derived from (11)

f7(0) g, (1) — bi £7(0) g, (1) —bigo'(O)ag(t) +
1 3 3 (11*)

()

3
1 1

_ ﬁ D, [b—s F,.(0.t) — F, (o,t)}
3

c) u, (0t =u,,(01t)+u,,(O1),

[ Koer, G7)dlr7 - #i Ko/, ()77 =
3)

_|_
b,I”
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7T 7T 27T
—E(Dl(t) 3 2 ® —?¢3(t) -
- Jﬂ(ﬂ)dﬂ—
°t -7 (t 77)5 (12)
e 1]/33(77)d77+
7 (t—7)3
e )
7 (t—mn)3

= FSxx (O1t) + F2xx (O’t) - lex (Ovt)1
(12*) can be derived from (12)

__¢1(t) 3 @2(t)_?¢3(t)_

_I Kgﬂz (77)d77 - _[t K1oﬂ3 (77)d77 + _[t K11ﬂ3 (77)d77 = (12%)
F.. (0.0 + F, (0,1) - F,(0.,0),
d) u,(=L;t) = 4 (1)

1 1 -L
f (0)e, (t) ———~~ D}’ f @ (m)dn =
r(d)” T £(t— yJ

3 (13)
=T 7N (or)[¢1(t) F(- th)]
rl=
(3)
(13*) can be derived from (13)

1 t
FO0)e, () ———

)

3

j _[ Klz(ﬂl(ﬂ)dﬂ =

(13%)
=T 7N (or)[¢1(t) F( |—1t)]
F(s)

Satisfying the conditions (3) we have:

a) U, (L,,t) =u,(0,t) =, (0.t),
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f(0)B,(1) — f (0O)p, (1) — p(0), () +

t

L, +
+r(] 1 fny’[ft—n>%J¢5“”d”
3

Y 1 L,
D drn —
+r(1] w°<t—nV’[fvﬂn%J“”")"
3

—L,
- (o t) ﬂ4 ( ) =
r(sj Rl e ((t ") ] e
= —5 Dy [F.0.0) — F(L.0)] (14)
o(3)
(14*) can be derived from (14)
f(0)5,(t) — £ (0)e, (1) — p(0), ()

t t t 14*
+%[I K@, (r7)dn + I K., (mdn + J- K15ﬂ4(77)d77:| _ (14%)
F(:J
1
=77 D, [F.(0,t) — F,(L,,1)]
F@

f(0)B.(1) — T (0)p (1) — p(O)y, (1) +

L, L
F( j (ot)j( _77)}/|: [(t ) J(Pz(ﬂ) [W] (77):| (15)

- r[lj D&, [F(0.1) — F(L,,0)]
3

(15%*) can be derived from (15)
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f(0) 5, (1) — T (0)p, (1) — @(0)y (1) +

+ﬁ[j Kis, (1) dry + [ K e, (n)dn]
(3)

__1 % [F.(0,t) — F,(L,,1)]

:I (0,t)
( j
3

B) (L) =-U,, (0.0 =u,, (0.),

4 5

£7(0) 3, (t) — bi £7(0) e, (t) — bi(p'(om ) +

4 4

1 1 1 L.
+ D, [ . f'[ 2 J(/Jz(n)dn+
b4r@ s(t—n)°  (t—n)"
1 1y 1 L
+—D(03,t>f > <p’[ 2 Jaz(n)dn—
b4r[2j o (t—n)" ((t—n)"
3
1 1y 1 —L
—D(O3,t) 2 f,[ * Jﬂ4(77)d77
b;@ o (t—n)° ((t—7n)"?
1

1
= ﬁ Dé/i) [b_ F,,(O,t) — F,, (Lz’t):|
3

(16*) can be derived from (16)

FOAD - FOp0 ¢ Oa® +

b, °

4

" 1()[iKlgqoz(n)dn+ir<waz<n)dniKzom(n)dn}:

W N

L D%{

1
2 (0,t) T F4x(0’t) - sz(Lgvt):|
i
3

b

4

(15%)

(16)

(16%)
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£7(0) 3, (t) —bi £7(0) . (£) — = " (O)yro (t) +

5 bS
1 t 1 , L,
D o [ ]%(ﬂ)dﬂ:
bsr[ 77)73
1
bl“[

j Yo (1 t—m)"
1 D}/|:1

L
’ 2 d
) <m>£(t_ ¢[(t_n)%jaz(n) 7
=—F[2) (0,t) b
3

(17*) can be derived from (17)

f%m@arﬁwxm%m—§¢mm40+

5 5

(17)

OO\I\J

_|_

OO\N

I:Sx (Ort) - sz(l—z’t):|

+

;2[[ K21¢2 (77)d77 + J. K220! (U)dﬂ} = (17%)
or( 2)
3

e qﬁ{ (00— xgxﬂ
F(s) "

c) szx(l—z,t) =U,, (0,t) +u;, (0,1),

__ﬁz (t) - @4 (t) _?(05 (t) +

c1 oL
[—f - @, (7)dn +
01| (t-n)
R
+—0¢"| —2— |a,(7)dn - (18%)
1 ey
S R
—|—1f" - 1 184(77)d77:
1 -y
4xx (0 t) + 5xx (O t) ZXX(LZ’t)
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(18*) can be derived from (18)

__ﬂz (t) (p4(t) 3 ¢5(t) +

+ J K., (n)dn+ Jo Kauar,(m)dn = [ Koo, () = (18%)
Fu (0,0 + K, (0,1) - F, (L)1),

Satisfying the conditions (4) we have:

a) u,(L;,t) =u,(L,,t) =u,(0,1),

f(O)E.(1) — F(O)E,.(1) +

1 2% | 1

@ (o,t)o(t_n)% [(t 77)}/}¢3(77)d77+
3

1 o b1 L
0,t P a3(77)d77—
r@j o (t—n)* ((t—n)"

1 2y 1 L

——— D& % * o, (n7)dn

r@ ( >!(t_,7)% (t—2)"

— 11 (Ot)[F(L 1) — F, (L, )] (19)
r(3)

(19%*) can be derived from (19)

FOA0) - O+
(11) [ K, ()7 +— < [ K e, () -
; 1—( jo
Ll I Koe,(m)dny —
)
1

= 1 (or)[F (L4’t) F (l—s t)]
(3)

+
=
w |

7

IKzga (77)d77 = (19%)
7
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f(0)5,(t) — f(0)o (1) — @(0)y, (1) +

L +
F[j <0t>I n)y {(tn)%}%(ﬂ)dﬂ
3

(20)

L
+—D0,t 3( )d =
r[lj | )°(tﬂ)%(p{(t77)%}l e
3

= <Dl [ROD - F (L]
(3)

1 2 j- 1

3
(20*) can be derived from (20)

F(0)4,(t) = T(0)p, (1) = p(0)y, (1) +

1 t t
+—1|:J‘ K30§03 (77)d77 + _[ K31a3 (77)d77:| = (20%)
F(j 0 0

3

= (11 (Ot)[F Ot)-F (|1 t)]
rl=

)

0) i, (L) =0, (L) 40, (01,

4 6

£(0)5,(®) — o= £/(0) A, (1) — = £/ (0)s (1) — - (Qry (©) +

4 6

1 iy 1 , L,
+——=<D o?t 2 f D3 (77)d77 +
r(zj ol Gy {a—n)%]
3
1 1y 1 , L,
s D(O?t) =7 P &, (77)d77 -
r(%) g(t—ﬁ)é [(t—ﬂ)%]

1 , L, B
_b41"[2j MI( _77)/ [(t_n)%jmn)dn
3

1 L
- (Ot) = a4( )d77 =
b4r[2j I( - )/ ((t—n)%] . (21)

-1 _pp [bl F4X(L4,t)+biF6x(o,t)—FSX(LS,t)}

4 6
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(21*) can be derived from (21)

f'(0)ﬂ3<t)—bif'<0)ﬂ4(t)—bi f'(O)coe(t)—bico'(om(t)

[ Koo, (n)dn + [ K e, (m)dn |+

t t (21%)
+—2 IK34¢4(U)dU—IKssa4(U)dU =
O

__ 1 o {
_—DOt
1“(2) (0.t)
3
C) Uy (L, 1) =, (L, ,t)+um(0,t),

—%ﬂs(t) ZB,(t) - <o6<t)+

. (|—4,t)+ F, (0,1) - X(La,t)}

4

1 [ L
f didlry
+I(t—n) [(t— %](/)3(?7) ndn

e 1 L
_ 4 4 d —
[ 4xx(L t)+ Gxx(o t) 3xx(L3 t)]

(22*) can be derived from (22)

2 p0-Z50-Z a0+

(22)

+I Ko, (17)d7 + I Ka,(m)dn - I Koo, (7)dn — [ Ko, () diy = (22%)

=[F,. (L) +F, (0,) - F, (L.,1)]

where the kernels of integral operators defined as:
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Kl:i(t—r)%tr mv 4l (r—L;n% dT'Kz_;(t—r)%tr—n)%f'[_(rfﬁ]dr
Ks:;(t—r)%tr—n)%f' (T—L;)% dT’K“:i(t—r)%tr—n)%f’[_(r—L;)%JdT
e i(t r)ytr peil (r—L;)%JdT
- j7(t r)ytr meil _(T—LG)%JdT
- i(t r)ytr 4 (r—L;)%]dT'Ks:i(t—r)%l(r—m%f”[_ﬁ]dr

K, = [U(y+Lit—n)dy . Ko = [U(y+ Lt -y, K, = [U(y—Lt—n)dy

= i(t 7)’ tr n)y : (r—L;)% i

A J R _r)%tr Egye —L;)% "

K“:i (t—T)%tT—ﬂ)%f, (r Ln)y )dr

Km:i(t—r)%tr—n)%f’ (r—L;y)%]dT' K”_i(t—r)%tr—n)%go{(r—L;)%Jdr
= i(t r)ytf ﬂ)/f”((f Lﬂ)deT . I(t—r)%l(f—ﬁ)%wl’[(T—L;)%]dr
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_;( )ytr e f{ (r—L;)%]dT
Kn:jz(t ) ((r n)” )dr' K”:i(t—r)%tr—m%f”[(r—L;)%]dT
Ko =[U(y - Lit-may
o= [V Y= Lit=may | Ky = UGy = Lit=may.

(o e o S e e e o
e i(t r)/tr mvi (r—L:n% i ”Zi(t r)%tr mvid (r—L;)% i
N i(t r)/tr el (r—ljy)% ot i(t r)/tr s ((r—ljn)%]dr
K”:i(t r)%tr 4 (r—L;)% i K%:i(t—r)%tr—n)%w” (:ﬂ)% o
K“:i (t—r%ir 4 (r—L;)% i K%:jz (t—r)%tr—n)%””” (r—L:n% o

Koo = [U(y—Lit—mdy K, = [V (y—L;t—n)y |

Ko =[U(y-Lst=n)dy K, =[V(y—L;t—n)y

We obtained the system of integral equations (8) — (22) with respect to unknowns

() = (o, (1), (©), & (1), B (1))

k=17:n=12i=234
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A 0O
matrix A=|0 A, O
0 0 A
f (0) - f(0) 0 —¢(0) 0 0
f (0) 0 - f(0) 0 —¢(0) 0
! _i ! _i !
f'(0) b f'(0) 0 b ¢'(0) 0 0
I-Bondmatrix : A = £10) 0 1 £10) 0 —bi(p'(o) 0
_z e er 0 0 0
3 3 3
0 0 0 0 0 f(0)
det A =0
F(0) 0 -¢(0) f(0) 0
0 - f(0) 0 f (0) —¢(0)
l1-Bondmatrix : A, = _bi f'(0) 0 —igo'(O) f'(0) 0
1 4 !/ _l 4
0 _b_s f'(0) 0 f'(0) b ¢'(0)
_em 2z 0 T 0
3 3 3

detA =0
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0 f(0) —(0) 0
- £(0) f(0) 0 —¢(0)
. 1., , 1., 1,
lll-Bondmatrix: A =| ——f'(0) f'(0) —-—f'(0) ——¢'(0)
b, b, b,
2z 2z 0
3 3 3
det A, =0
detA=0

According to the asymptotes of Airy functions the kernels of the integral operators are integrals
(see [14, 15]). Hence, it follows from the uniqueness theorem and Fredholm alternatives that the
system of equations has a unique solution. Thus the solvability of the problem is proved.
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